We provide an analytic solution to the general wavelength integro-differential equation describing the damping of tensor modes of gravitational waves due to free streaming neutrinos in the early universe. Our result is expressed as a series of spherical Bessel functions whose coefficients are functions of the reduced wave number Q.
INTRODUCTION
Observations of the cosmic microwave background (CMB) have given increasing support to inflationary cosmological models. Density perturbations during this inflationary period are believed to have given rise to the large scale structures of the universe [1] . In addition to these scalar perturbations, a spectrum of gravitational waves is also produced [2] (tensor perturbations) which could provide information about the early universe. In particular, the contribution of these tensor modes (measured in terms of a tensor-to-scalar ratio [3] ) to the temperature anisotropy of the CMB and to B-mode polarization of CMB photons could be used to check the predictions of inflationary models. Here we shall consider the effect of anisotropic inertia on the gravitational radiation and confirm that it is nonnegligible. Although it will be assumed here that the anisotropic inertia is dominated by neutrinos and antineutrinos [4] , Ref. [5] has proposed a free streaming relativistic gas contribution and a method to constrain its fraction density through measurements of the CMB B-polarization spectra.
In a 2004 paper [4] , Weinberg derived an integro-differential equation for the propagation of cosmological gravitational waves. He writes a wave equation for the perturbation to the metric h ij (x, t) and defines χ(u) as
where u is the conformal time multiplied by the wave number
The wave equation for the perturbation leads to an integro-differential equation which the function χ satisfies for general wavelengths. In the variable y = a(t)/a EQ , where a EQ is the expansion parameter at matter-radiation equality, this is Eq. (32) of [4] (1 + y)χ ′′ (y) + 2(1 + y) y
with the initial conditions:
Here f ν (0) = 0.40523 is the fraction of the energy density in neutrinos and Q = √ 2k/k EQ . The kernel K will be discussed below, and y is related to u in the following manner
We will provide an analytic solution of Eqs. (3) and (4) that is valid for general wavelengths. It will be shown that the effect of the anisotropic inertia is to damp the amplitude of the perturbation relative to the case where free-streaming neutrinos are absent, and that, in general, this damping depends on Q. Thus, it is important to have a solution capable of describing the damping for all wavelengths. For Q 2 ≫ 1, it has been shown that the solution for χ(u) can be written as a series of spherical Bessel functions whose coefficients are independent of Q [6] . In [4] , Weinberg analyzed the Q 2 ≫ 1 limit, provided results for the damping factor when Q 2 ≪ 1 and made some observations about the damping for general value of Q. Our aim here is to show that it is possible to extend the spherical Bessel function expansion [6, 7] for χ(u) to the case of general Q. Having done this, we can recapture the Q 2 ≪ 1 results of [4] , the Q 2 ≫ 1 results of [6] and obtain precise results for intermediate values of Q.
In the next section, we derive the equation that must be satisfied by a spherical Bessel function expansion for χ(u), examine its form in the Q 2 ≫ 1, obtain a recurrence relation for general Q, and use this relation to determine the damping factor for Q ≪ 1. Section 3 contains a discussion of general wavelength case and we end with some conclusions. Lists of the various expansion coefficients and the details related to the solution of the recurrence relation are contained in the Appendices.
SOLUTION OF THE GENERAL WAVELENGTH EQUATION
In terms of the variable u, Eq. (3) becomes
with C = 24f ν (0) = 9.72552 and the initial conditions
The kernel K is a linear combination of spherical Bessel functions
which suggests a solution to Eq. (6) exists in the form of a series of spherical Bessel functions. Indeed the work done in Ref. [6] on the short wavelength limit shows that the convolution of a series of spherical Bessel functions with the kernel returns another series of spherical Bessel functions, so we look for a solution of the form
Multiplying Eq. (6) through by (u 2 + 4Qu) 2 , expanding all the terms, and dividing by u 4 yields
The action of the differential operator on j n (u) gives:
and Eq. (10) becomes
If we divide through by the highest power, the Bessel function recurrence relation (AS 10.2.18) [8] 
can be used to eliminate the powers of u. Dividing through by u 3 yields
Notice that Eq. (14) involves the same convolution integral for any value of Q. The limits Q ≪ 1 and Q ≫ 1 are of particular interest, but a recurrence relation for the α n (Q) can be obtained for any Q. The simplest situation occurs for Q ≫ 1 since, in this limit, the α n (Q) reduce to numerical coefficients independent of Q and the left hand side of Eq. (14) reduces to a single term.
Short Wavelength Limit
In the short wavelength limit Q ≫ 1 the terms with Q 2 dominate and Eq. (14) becomes [9]
The derivative of j n (z) is given by (AS 10.2.19) [8] 
and Eq. (15) becomes
We can shift indices on the Bessel functions if we define α n = 0 for n < 0 to obtain
with
The convolution integral can be evaluated using the technique given in Ref.
[6]
where
and
Here, P n (s) and Q n (s) are the Legendre polynomial and the Legendre function of the 2 nd kind, and
This yields the following recurrence relation
The ǫ n can be found using Eqs. (21), (22) and (23). The first 20 are given in Appendix A by taking Q ≫ 1. For n = 0, Eq. (25) vanishes, so α 0 is undetermined. However, the initial condition χ(0) = 1 fixes it to unity. The next six equations are
The first equation requires α 1 = 0, and we see that all the odd terms depend recursively on α 1 . Thus, all the odd terms vanish in the large Q limit. Solving for the first 4 non-zero α n gives
in agreement with Ref. [6] . For large Q, the full solution χ(s, Q) is
while the undamped solution χ 0 (s, Q) is j 0 (Qs) = sin(Qs)/Qs. The damping factor is therefore
Recurrence Relation
Returning to the general case given by Eq. (14), we can apply Eq. (20) to the righthand side and obtain
Eq. (13) can then be used recursively to obtain (see Appendix B)
where β n , γ n , δ n , θ n , λ n are defined in Appendix B and presented in Appendix C. Eq. (30) leads to the recurrence relation
The equations given by Eq. (31) determine the coefficients of the spherical Bessel functions in Eq. (9) . With these coefficients, Eq. (9) provides an analytic solution to the inhomogeneous Eq. (6) for general values of the wave number Q. Eq. (31) can also provide the coefficients of the homogeneous solution (the solution without free streaming neutrinos) by setting C = 0, yielding the following recurrence relation
The coefficients were found by solving Eqs. (31) and (32) using Mathematica (with the condition α n = 0 for n < 0). The first 20 inhomogeneous and homogeneous coefficients are given in Appendix A. The a n are the inhomogeneous coefficients and the b n are the homogeneous coefficients. This convention will be used throughout the remainder of the paper.
The Long Wavelength Limit
We found an analytic solution to Eq. (6) consisting of an expansion in spherical Bessel functions of the following form
where the α n (Q) are explicit functions of the wave number Q. Upon first glance at the terms in the Appendix A, this expansion seems to be divergent in the limit Q → 0 since the coefficients depend inversely on Q. However, the expansion is in fact finite due to the implicit presence of Q in j n (u). Since both the full solution χ(u) and the homogeneous solution χ 0 (u) are equal to 1 as Q → 0, the comparison of the full and homogeneous solutions should be made using the ratio of χ ′ (s, Q) to χ ′ 0 (s, Q). Using Eq. (16) and u = Qs, χ ′ (u) can be expressed as
To find the first few terms in the low Q expansion, we use
The cosmologically interesting value of s is the value at last scattering, where
15452. With x = 2.15454 Q and the a n (Q) in Appendix A, the low Q result is
Using the same method, we obtain the following expansion of the homogeneous term
The a n (Q) and b n (Q) in Appendix A are sufficient to determine the numerical coefficients in Eqs. (36) and (37) to one part in 10
in agreement with Weinberg's discussion on the low Q limit. As Weinberg remarks "This damping is relatively insensitive to Q for small Q." Confirmation of this statement is seen here where the damping is independent of Q until the fourth order terms become important. The finiteness of this damping factor shows that the solution is well defined for arbitrarily small values of Q.
DAMPING FOR GENERAL WAVELENGTHS
For Q > 1, there is no difficulty with the coefficients a n (Q) (or b n (Q)) and asymptotically this expansion reproduces the damping found in Ref. [6] for Q ≫ 1, as shown in Figure 1 . It should be noted that the plotted damping factor is the ratio of two oscillating functions and therefore diverges at the zeros of the function in the denominator. However, since the functions are only slightly out of phase, these spikes occur where χ ′ (s L , Q) is small and according to Ref. [4] , this makes the spikes uninteresting since the multipole coefficients for the corresponding values of ℓ will be very difficult to measure.
For the most part, 20 terms were used in the numerical evaluations of Eq. (33) occurring in this paper, although 100 terms where generated for comparison purposes. The observation in Ref. [4] that the reduction in |χ ′ (s L , Q)/χ ′ 0 (s L , Q)| 2 from 1 for Q = 0.55 and Q = 0.8 is about 8% and 7% respectively is confirmed in Table I . Also shown in this Table is the trend of |χ
in the relatively flat regions between the spikes steadily decrease from the value ≈ 0.9 for Q ≪ 1 to a value close to 0.644 for Q ≈ 10. 
CONCLUSIONS
We have shown that the treatment of gravitational wave damping by free streaming neutrinos can be framed in terms of a series of spherical Bessel functions for all values of the reduced wave number Q. The result for the coefficients of the spherical Bessel series when Q ≫ 1 [6] emerges quite simply from the coefficient recurrence relation for a general Q. For the opposite limit, Q ≪ 1, the analysis can then be extended to arbitrarily small values of Q by using the low Q expansion of j n (Q s L ). For intermediate values of Q, the coefficients obtained from the general recurrence relation can be used directly for any Q, provided that the factor Q is retained in the argument of the spherical Bessel functions.
There have been numerous successful numerical studies of the damping of the gravitational wave spectrum due to anisotropic inertia (Refs. [10] , [11] , [12] , [13] ). The present approach represents a trade off between the use of reliable sophisticated numerical techniques to calculate χ(s, Q) and the necessity of evaluating the exact series solution for χ(s, Q) to sufficient accuracy. The main advantage of using the series expansion is that the convolution of the desired solution with the kernel can be evaluated exactly in terms of spherical Bessel functions.
We used 20 terms in our expansions of χ(s L , Q) and χ 0 (s L , Q). To illustrate the accuracy that this truncated series provides, Fig. 2 , compares the amplitude χ(s L , Q) computed with 20 terms and 100 terms. As another test of the use of 20 terms rather than 100 terms in the series Eq. (33), we compare the ratio of the damping factor the number of terms significantly affects the answer is the transition region 10 ≤ Q ≤ 100. If this region is important, additional terms would be required, but are readily computable from the provided recurrence relations.
Appendix A: Expansion Coefficients
The relations between the ǫ n (Q) and the expansion coefficients a n (Q) are listed below for n = 0 to 14. 
Using C = 24f ν (0) = 9.72552, the first twenty a n (Q) are For large Q, the coefficients of the a 2n (Q) reduce to the results in Ref. [6] . For a fixed value of y, these coefficients and the b n (Q) below yield finite results.
The coefficients for the homogeneous solution are 
